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For a family of k-graphs F , the Turán number T (n, F ) is the maximum number of edges in a k-graph of order n that does not contain any member of F . The Turán density t(F ) = lim n→∞ T (n, F )/  n k  . Let K 4 be the tetrahedron that is the complete triple graph of order four. Let the triple graph F p,q defined on the vertex set P ∪ Q with |P| = p and |Q | = q consist of those edges which intersect P in either one or three vertices. Let V = {1, 2, 3, 4, 5} and let F 5 be defined on V with E(F 5 ) = {123, 145, 245}. Let F c 5 denote the complement of F 5 , and let P 5 be the weak pentagon obtained from F 5 by adding the edge 134 and let C 5 be the pentagon obtained from P 5 by adding one more edge 235. We prove that
Introduction
Given a family of k-uniform hypergraphs (or k-graphs) F , we say that a k-graph H is F -free if H contains no subgraph isomorphic to any member in F . The Turán number T (n, F ) is the maximum number of edges in an F -free k-graph of order n. It is well known [8] that the ratio T (n, F )/  n k  is decreasing in n. Therefore, the limit t(F ) := lim n→∞ T (n, F )/  n k  exists, which is called the Turán density of F . It is also well known that determining the Turán density of any complete hypergraph is
the most fundamental open problem in extremal combinatorics.
Let p and q be two positive integers, and P and Q be two disjoint sets with |P| = p and |Q | = q. Then the triple graph F p,q is defined on the vertex set P ∪Q and consists of those edges which intersect P in either one or three vertices. Let K 4 be the tetrahedron that is the complete triple graph of order four. Let F 5 be the cycle obtained from F 3,2 by deleting an edge which has only one vertex in P. Thus if P = {u, v, w} and Q = {x, y}, then E(F 5 ) = {uvw, uxy, vxy}. Let F c 5 denote the complement of F 5 , and let P 5 be the weak pentagon obtained from F 5 by adding the edge uwx and let C 5 be the pentagon obtained from P 5 by adding one more edge vwy.
Recently many attempts are toward to evaluate positive Turán densities of small triple graphs. The best current results for triple graphs of order 4 and 5 are listed in the following.
• 2/7 ≤ t(F 1,3 ) = t(F 2,3 ) < 0.32908, by Frankl and Füredi [3] , and Markström and Talbot [10] respectively;
17)/12 = 0.593592 . . . , by Turán [14] , and Chung and Lu [1] respectively;
• t(F 5 ) = 2/9, by Frankl and Füredi [2] ;
• t(F 3,2 ) = 4/9, by Füredi, Pikhurko and Simonovits [6, 5] ; [14] and Razborov [13] respectively that the lower bounds are the true values for F 1,3 , the tetrahedron and the pentagon respectively.
Among a few known positive Turán densities, the triple graphs F 5 and F 3,2 are the only two of order five. Though unable to improve any of the above results, we prove rigorously that density exceeding 2 − √ 2 forces either a tetrahedron or a copy of F c 5 , and density exceeding 0.3015 · · · forces either a pentagon or a copy of either F 1,3 or F 3,2 . More precisely, we obtain the following results.
The proofs combine the induction and an application of the Cauchy-Schwarz inequality. These techniques were also used by Mubayi and Rödl [12] . We remark that a {K 4 , F c 5 }-free triple graph is exactly a K 4 -free triple graph with every five vertices spanning at most six edges, and we believe that the upper bound in Theorems 1.2 may be improved.
Conjecture. t(K
4 , F c 5 ) = 2 √ 3 − 3.
The triple graph F 1,4
Definition. Let H be a triple graph and
Proof of Theorem 1.1. The lower bound follows from a construction of Goldwasser [7] . Let H be the complement of a triple graph induced by the Fano plane. It is clear that H is F 1,4 -free with 7 vertices and 28 edges. Suppose |V | = n and V is partitioned into
It is clear that H ′ is also F 1,4 -free. It is still possible to add edges to H ′ keeping the property that it is 
Solving gives a = 1/2.
For the upper bound, suppose that H is a triple graph of order n and size at least 2 3  n
We prove by induction on n that H contains a copy of F 1,4 . It thus suffices to find a vertex in H of degree at most 2 3  n−1 2
then G is K 4 -free. Thus by Turán's Theorem [14] ,
This completes the proof.
Remark. The following general result can be obtained by applying the same technique.
Either tetrahedron or F c 5 Lemma 3.1 ([12]). Let G be a multigraph with vertex partition A ∪ B and maximum multiplicity two. For S ⊂ V (G), let m(S) be the number of edges (counting multiplicities) induced by S. Suppose that, for all S
of size three,
Proof of Theorem 1.2. The lower bound follows from a construction of Mubayi and Rödl [12] . Let H be a triple graph on vertices partitioned into two sets A and B. Let E(H ) consist of all triples uvw, where u, v ∈ A and w ∈ B. Note that C 5 is a subgraph of F 
The last inequality holds since the quadratic function 
Either weak pentagon or F 1,4
The following lemma is a special case of a result of Füredi and Kündgen [4] . Proof. We use induction on n. This is clearly true for n = 3. If G is simple, then Mantel's theorem [9] implies that |E(G)| ≤ n 2 /4. So we may assume that there is an isolated multiple edge. Then deleting the multiple edge along with its pair of vertices, we obtain a subgraph H of G. Now by induction, we
The following property is an asymmetric variation of the above lemma. 
G), let m(S) be the number of edges (counting multiplicities) induced by S. Suppose that G[A] is triangle-free and has only isolated multiple edges, and moreover

for each S of size three, if A ∩ S ̸ = Ø, then m(S)
So we may assume that an edge uv has multiplicity two, where u ∈ A and v ∈ B. Then as above let H = G − {u, v} and the induction hypothesis applied to H implies that
Proof of Theorem 1.3. For the lower bound, consider the complete three partite triple graph Assume to the contrary that A contains a triple S = {w, x, y} spanning at least three edges. Since H is F 1,4 -free, neither G(u) nor G(v) contains any triangle in A. Thus one of the edges of S is in G(u) and another in G (v) . By symmetry, we may assume that wx ∈ G(u) and wy ∈ G(v), then the two triples uwx and vwy along with the two triples uvx and uvy form a weak pentagon, which is a contradiction. Suppose to the contrary that there is such an S = {w, x, y} that A ∩ S ̸ = Ø and m(S) ≥ 5. Then S contains a triangle. Assume w ∈ A ∩ S. Note that one of the two edges wx and wy has multiplicity two. Thus by symmetry, we may assume that wx ∈ G(u) and wy ∈ G(v). Then uvw, uwx and vwy together with either uxy or vxy form a weak pentagon, which is a contradiction. Assume to the contrary that there is another vertex y ∈ A such that wy ∈ G, then either wy ∈ G(u) or G(v). If wy ∈ G(u), then uvx and uvy along with uwy and vwx form a weak pentagon, which is a contradiction. If wy ∈ G(v), then uvx and uvy along with uwx and vwy form a weak pentagon, which is also a contradiction.
By the claims, we may assume that G satisfies the conclusion of Lemma 4.2. Thus
The last inequality holds since the quadratic function 4(1 − x) 2 /3 − 3x 2 /2 has the greater root edges. We will prove by induction on n that H contains either a pentagon or a copy of either F 1,3 or From now on, we also suppose that H contains neither pentagon nor a copy of F 1, 3 or F 3,2 , and aim at a contradiction. Recall that a set of vertices is stable if no pair of the vertices are adjacent. Since H is {F 1,3 , F 3,2 }-free, we obtain that
